Abstract: We show that the inclusion of higher curvature terms in the gravitational action can lead to phase transitions and critical behaviour for charged black branes. The higher curvature terms considered here belong to the recently constructed generalized quasitopological class [ArXiv: 1703.01631], which possess a number of interesting properties, such as being ghost-free on constant curvature backgrounds and non-trivial in four dimensions. We show that critical behaviour is a generic feature of the black branes in all dimensions d ≥ 4, and contextualize the results with a review of the properties of black branes in Lovelock and quasi-topological gravity, where critical behaviour is not possible. These results may have interesting implications for the CFTs dual to this class of theories.
Introduction
That black holes have thermodynamic properties remains one of the most significant insights toward a quantum theory of gravity made in the last forty years, revealing evidence for the microscopic structure of gravity. In the case of anti de Sitter (AdS) black holes, through the conjectured anti de Sitter/conformal field theory (CFT) correspondence, it is possible to deduce properties of the holographically dual CFTs via the study of AdS black holes [1, 2] , even in the limit of strong coupling. A particularly interesting case is that of planar AdS black holes-black branes-whose thermodynamics and hydrodynamics correspond to those of a finite temperature quantum field theory with translation invariance in one less dimension.
A rich arena for the study of black objects is provided by higher curvature gravity. In these theories, the Einstein-Hilbert action is modified by the inclusion of additional terms non-linear in the curvature. The motivation for these corrections comes in many forms, but is primarily due to the expectation that they will appear in any ultraviolet completion of general relativity. At the quantum level, including quadratic terms in the action can lead to a predicative and renormalizable theory of quantum gravity where all scales are generated dynamically [3, 4] , various higher curvature terms appear in the low energy limit of string theory [5] [6] [7] [8] , and from the perspective of holography, higher curvature terms correspond to corrections from a finite number of colors, 1/N c , and therefore allow one to make contact with a broader class of CFTs via holography [9] [10] [11] [12] [13] [14] [15] .
The focus of this study will be an investigation of charged black brane solutions in higher curvature gravity from the perspective of black hole chemistry. Here the cosmological constant is considered as a thermodynamic variable [16] [17] [18] , interpreted as pressure in the first law of black hole mechanics [19, 20] . In this framework, there is a physical analogy between the charged AdS black hole and the van der Waals fluid, with the analog of the liquid/gas transition being a small/large black hole phase transition [21] . Studies of black holes with spherical or hyperbolic horizons in higher curvature gravities have revealed a variety of nontrivial behaviour, including novel universality classes associated with isolated critical points [22] [23] [24] , triple points and (multiple) reentrant phase transitions [23, 25] , and superfluid-like phase transitions [24, 26, 27] , with similar results found in numerous other studies [22, 23, 25, . These results provide hints toward the rich structure that emerges for gravity when quantum effects are taken into account, and also to the phase structure of the holographically dual gauge theories.
Within higher curvature gravity, the holographic study of black brane geometries has led to numerous interesting results-for example, the inclusion of quadratic terms has been shown to lead to violations of the Kovtun-Son-Starinets (KSS) viscosity/entropy ratio bound [12, 14, 50, 51] . However, while AdS black objects with spherical or hyperbolic horizon topologies have been found to present a variety of interesting critical behaviour and phase structure, black branes have thus far been found to be devoid of any such behaviour. This is linked to the fact that, in many commonly studied higher curvature theories, black brane solutions are not modified from their Einstein gravity form-that is, they possess universal properties.
Here we will show that the inclusion of certain higher curvature terms in the gravitational action can lead to non-trivial thermodynamic behaviour for electrically charged black branes. The theories considered belong to the generalized quasi-topological gravity (GQG) class [52] , which describe theories that, under the restriction to spherically (planar or hyperbolic) symmetric metrics, admit a single independent field equation in vacuum (and also for suitable matter, such as a Maxwell field) [53] [54] [55] . 1 Subsequent work has revealed that these theories possess a number of interesting properties. In [52] , it was conjectured that any theory for which the most general static, spherically symmetric solution can be written in the form,
(1.1) (i.e. with a single metric function) does not propagate ghosts on a maximally symmetric background. This result was later proven to be correct [62] , indicating that the entire class of GQG theories are free from ghosts. The theories are non-trivial in four dimensions 1 The construction of these theories was motivated by the recently discovered Einsteinian cubic gravity [56] , which was found to be the unique cubic theory of gravity with a single independent field equation for a four dimensional spherically symmetric metric [48, 57] . Einsteinian cubic gravity was constructed in [56] (see also [58] ) with the aim of presenting the most general cubic theory which is: (a) ghost-free on a maximally symmetric background and (b) has the coefficients in the action independent of spacetime dimension. That the theory (in four dimensions) possesses a single independent field equation was an unexpected result, and the generalized quasi-topological class of theories generalizes this property (which holds also for Lovelock [59] and quasi-topological gravity [60, 61] ) to all dimensions.
and provide the only non-trivial examples of ghost-free higher curvature theories active in four dimensions [52, 62, 63] . Despite third order equations of motion, the black hole solutions possess no higher derivative hair [64] (the solutions are characterized only by their mass), and the thermodynamic properties can be studied exactly, despite the lack of an exact solution [52, 62, 63] . Unlike Lovelock [59] and quasi-topological gravity [60, 61] , the properties of black branes are modified by the presence of these terms, a fact which may lead to interesting consequences for the dual CFTs [62, 63] . More recently, it has been shown, in four dimensions, that these higher curvature terms generically result in the specific heat of asymptotically flat black holes becoming positive below a certain critical size, signalling the onset of thermodynamic stability for small black holes [65] . This paper is organized as follows. We begin in section 2 with a review of the properties of black branes in Lovelock and quasi-topological gravity, emphasizing that black branes in these theories are exactly the same as the corresponding solutions to Einstein gravity. We then, in section 3, construct charged black brane solutions in the cubic and quartic versions of generalized quasi-topological gravity, exploring the solutions via series approximations asymptotically, near the horizon, and near the origin; numerical calculations allow for the series approximations to be joined in the intermediate regimes. In section 4 we consider the critical behaviour of the black branes in arbitrary dimensions larger than five. After enforcing various physicality constraints, we show that critical points and phase transitions occur, with novel structure observed for the free energy-including three branches of solutions with positive specific heat. Lastly, in section 5, we consider seperately the case of four dimensions, where the general form of the generalized quasi-topological class is known to arbitrary order in the curvature. Here we show similar results hold, including phase transitions and critical points characterized by mean field theory critical exponents.
Black branes in higher curvature gravities
Numerous interesting results have been obtained through the study of black branes in higher curvature gravity. However, in many of the models that are frequently employed for computational ease-such as Lovelock and quasi-topological gravity-the thermodynamic properties of black branes are, in a sense, universal [66] . Here we briefly review this to contextualize the results that will be obtained in the following sections for the generalized quasi-topological theories. For brevity, we will skip over many of the explicit calculations, referencing work where the relevant details can be found.
We will consider an action comprised of Lovelock and quasi-topological gravity with terms up to third order in curvature. The essential results extend to arbitrary order in the curvature, but restricting attention to third order is sufficient for highlighting the salient details. The action is given by,
In the above action, the terms X 4 and X 6 refer to the four-and six-dimensional Euler densities, which correspond to the standard Gauss-Bonnet and cubic Lovelock terms. The term Z d is the cubic quasi-topological term [60, 61] . The explicit form of the Lagrangians are listed in appendix A for brevity.
To consider black brane solutions of the theory, we substitute the metric ansatz,
into the action and vary with respect to N (r) and f (r) to obtain the two independent (gravitational) field equations. The field equation following from the variation of f (r) can be solved by setting N (r) = const. (here we will choose N (r) = N 0 ), while the remaining field equation reduces to a polynomial in f (r):
In the above, ω is an integration constant with units of length, and q is an integration constant from the Maxwell equations and is related to the electric charge (see, e.g. [23, 60] ).
To study the thermodynamic properties of the black branes, we proceed by considering the metric function expanded near the horizon. In this limit we write,
Substituting this expression for f (r) into the field equations allows one to determine the constant ω and the temperature as,
The key aspect of the above result is that the higher curvature terms have no effect on these thermodynamic parameters, except possibly through dependence implicit in the arbitrary constant N 0 . The above expressions for ω and the temperature are exactly the same as the corresponding expressions in Einstein-AdS-Maxwell gravity.
Going further, we can use the expression for the temperature above to write down the equation of state [23] ,
Again, the equation of state for the black branes is the same as what would be obtained in Einstein-AdS-Maxwell gravity, and the higher curvature terms make no contribution (except perhaps entering through the arbitrary constant N 0 ). This fact remains unchanged in Lovelock and quasi-topological gravity to any order in the curvature. As a consequence, there is no critical behaviour for electrically charged black branes in these theories in any spacetime dimension. The thermodynamic properties of black branes in these theories have been considered in a number of studies [23, 25, 60, 63] . The basic thermodynamic quantities are (neglecting the infinite volume of the transverse space and reporting densities),
and satisfy the (extended) first law, 8) and the Smarr formula which follows from scaling,
Alternatively, since
a feature of planar black holes that was noted in [67] , these quantities also satisfy,
as expected for a CFT in d − 1 dimensions with a chemical potential.
It is noteworthy that the entropy of the black branes are unaffected by the presence of the higher curvature terms. These terms modify the entropy of spherical and topological black holes [25] , but the entropy of the black branes receives no correction. Additionally, in the black hole chemistry framework, the potentials which are conjugate to the higher curvature couplings also vanish for black branes in these theories [25] , which simplifies their thermodynamic description.
The material reviewed above highlights the fact that the thermodynamic properties of charged black branes are universal in Lovelock and quasi-topological gravity-that is, the properties of the black branes are unaffected by the higher curvature terms, except possibly through a choice of lapse function which depends on these couplings. While the above discussion was presented for the concrete case of third order Lovelock and quasitopological gravity, the results go through exactly the same in any higher order version of these theories. As a result, there is no critical behaviour for black branes at any order of Lovelock or quasi-topological gravity, or in any dimension.
Charged black brane solutions in cubic and quartic GQG
The goal of this section is to demonstrate that, within generalized quasi-topological gravity, charged black branes can have critical points and can undergo phase transitions. In light of this goal, and in view of the discussion in the previous section, here we will consider only Einstein gravity supplemented by the cubic and quartic generalized quasi-topological terms. This choice is made for simplicity in the analysis, since we know that Lovelock or quasi-topological terms will have no effect on the thermodynamic relations. We consider a theory of gravity in d-dimensions given by the following action,
In addition to the Einstein-Hilbert terms, we have the cubic generalized quasi-topological term S 3,d ,
and the quartic generalized quasi-topological term, S 4,d . The Lagrangian density for the quartic term is rather complicated and we have included it in the appendix (see also [63] ).
In the action, the coupling constants with hats are given by,
where λ and µ are arbitrary coupling constants, and the prefactors have been chosen to simplify the resulting field equations. Due to the design of this theory, it allows for planar black hole solutions of the form,
with N (r) = constant. 2 Here we shall take N = 1 for simplicity. 3 At large r, the metric approaches AdS space, with the metric function behaving as,
where f ∞ describes the asymptotic behaviour of the metric function, and solves the polynomial equation,
2 This property holds for spherical, planar and hyperbolic solutions of the theory. In fact, this is the defining feature of the generalized quasi-topological class [52] . 3 A common convention is to take N = 1/ √ f∞, amounts to normalizing the speed of light on the boundary (or in the dual CFT) to be c = 1. However, there is no loss of generality in setting N = 1, due to the time reparameterization invariance of the metric.
It is a general consequence of adding higher curvature terms to the action that the cosmological constant does not describe the curvature of the asymptotic AdS region. Also, since we are considering only asymptotically AdS spaces, f ∞ must be a positive quantity. The derivative of this equation (with respect to f ∞ ) gives the prefactor appearing in the linearized equations of motion, and thus determines the sign of the effective Newton's constant in this theory. Demanding that this constant has the same sign as it does in Einstein gravity requires that the function,
is positive. This ensures that gravity couples to matter in the correct way, and is equivalent to demanding that the graviton is not a ghost.
We have included a Maxwell field F ab = ∂ a A b − ∂ b A a , and parameterize the electromagnetic one-form as,
Solving the Maxwell equations, we find that the unknown function can be written as,
where the dimension-dependent prefactor has been chosen for later convenience. The field equation determining the metric function, f takes the form (d − 2)F = 0 where
The terms F S 3,d and F S 4,d are the contributions to the field equations from the cubic and quartic generalized quasi-topological terms, and their explicit form for planar transverse geometries are,
Integrating this equation, we write
where ω is an integration constant of length dimension equal to one. We will now consider solutions to the field equation both asymptotically and near the horizon.
First, working asymptotically, we write the metric function as,
(3.13)
We substitute this into the field equations, setting n = 0 for n > 1 and then setting = 1 to obtain a linear, inhomogenous, second order differential equation for the correction h(r).
The general structure of this equation is not illuminating, but we note that the homogenous part of the equation, at large r, takes the form,
where
Restricting to the cases where γ 2 > 0 to avoid solutions which oscillate, we find the approximate solution at large r is given by,
To maintain consistency with the AdS boundary conditions, we must impose that A = 0. We will also see shortly that the second term above is extremely subleading compared to the particular solution. Thus, we are permitted to drop it as well. The most useful feature of this analysis is the restriction we have found for the coupling by demanding γ 2 > 0. The positivity of the numerator of γ 2 is equivalent to demanding that the generalized Newton constant is positive (i.e. the graviton is not a ghost), and thus the only additional constraint is,
In the following analysis, we will demand that this condition hold for all physically reasonable solutions. It is interesting to note that, given the results presented in [52] and [63] for the linearized theories, when either λ = 0 or µ = 0, the positivity of γ 2 is equivalent to demanding that the graviton is not a ghost. Moving on to consider the particular solution, it is a matter of calculation to show that it takes the form,
where we have given explicit forms for the first four leading corrections and listed the schematic form of the next two corrections to h p (r). The function P (f ∞ ) was defined in eq. (3.7) and corresponds to the derivative of the numerical coefficient in the linearized equations of motion. Studying the particular solution, we note that the leading order corrections occur at the same orders as the mass and charge, respectively. This is not unsual for higher curvature gravity, the same occurs in Lovelock gravity if one performs a large r expansion of the metric function. We also note that the terms appearing in the denominators of the corrections will be positive, non-vanishing quantities. This is ensured by demanding eq. (3.17) holds, and is actually equivalent to demanding that the graviton is not a ghost in this theory. Furthermore, we see that, as promised, the particular solution dominates over the homogenous solution, with the latter extremely suppressed.
Next, we consider the solution near the horizon. We therefore expand the metric function as,
where T is the Hawking temperature of the black brane, which is found easily using the standard Euclidean argument,
We substitute this ansatz for the metric function into the field equations and demand that it is satisfied order by order in (r − r + ). This leads to recurrence relationships which determine the series coefficients. The first two relationships involve only the temperature, mass parameter and horizon radius,
These first two terms suffice to give an exact description of the thermodynamics. Going to higher order is straightforward, though the expressions are not illuminating. At third order in (r − r + ), a 3 can be solved for in terms of a 2 . This continues to higher order, with all of the series coefficients expressed in terms of the temperature and a 2 . This term, a 2 , is a free parameter whose choice is equivalent to choosing the boundary conditions at infinity. The near horizon solution can be joined to the asymptotic solution numerically. The idea is, for some choices of the couplings, electric charge, and horizon radius, to choose a value for a 2 and then evaluate the near horizon solution very close to but outside the horizon to obtain values for the metric function and its first derivative. This is then used as initial data to integrate the field equations numerically. The constant a 2 = f (r + ) must be chosen very carefully as to ensure that the proper AdS asymptotics are selected, and we employ the shooting method to do so. The numerical solution can then be compared to the asymptotic solution, and when the two agree to good precision, the asymptotic solution can be used to continue the solution to infinity.
In general, this is a somewhat challenging to carry out since the differential equation is stiff. Furthermore, the additional complication in the AdS case is that there are multiple branches for the solution and the correct, ghost-free one must be chosen. However, for carefully chosen a 2 we have found that it is possible to integrate the solution to a radius at which the asymptotic solution [including terms up to O(r −12 )] is accurate to 1 in 1, 000 or better. To make numerical results clearer, we have worked with the rescaled metric function,
where f ∞ is chosen to be the root of eq. (3.6) which satisfies the condition of no ghosts, and defined this way g(r) → 1 as r → ∞.
The results of the numerical investigation are presented in figure 1 where we have restricted to the case of four dimensions for convenience. Here we have focused on charged black brane solutions in the cubic and quartic theories for some selections of the electric charge and higher curvature couplings. The general result in both cases is that the higher curvature couplings push the event horizon outward, while increasing the electric charge pushes it inward. Along with the numerical solutions, we present plots of the difference between the numerical solution and the asymptotic solution [including terms up to O(r −12 )]. The numerical solutions were integrated to large enough radius such that it matches the asymptotic solution up to 1 part in 1, 000 or better. From this radius onward, the asymptotic solution can be used to extend the solution to infinity.
We note in closing the interesting behaviour of the metric function near the origin. Expanding,
one can show that, in any dimension, a consistent solution is obtained with s = 0 and
This indicates that, while there is still a curvature singularity at the origin, the singularity is softer than that present in the Einstein gravity case, with the Kretschmann scalar going as R abcd R abcd ∼ r −4 near the origin (compared to R abcd R abcd ∼ r −6 when these terms are turned off). Furthermore, the metric is completely regular at the origin, as opposed to the Einstein gravity case where it is also singular. It would be interesting to see if the singularity could be completely removed when the theory is coupled to additional matter fields, or to determine if ghosts are required in the linearized spectrum in order to obtain a non-singular black object.
Thermodynamic considerations
In this section we will make a number of thermodynamic considerations pertaining to the charged black branes in generalized quasi-topological gravity. We begin by constructing the first law and Smarr relation, followed by discussing various physicality constraints on the higher curvature couplings, and close by presenting the critical behaviour for the black branes. We shall employ the black hole chemistry formalism [27] here, though we note that the key results can also be observed through different but related methods, e.g. those outlined in [68] [69] [70] .
Thermodynamic potentials and first law
Using the two near horizon relations presented in eq. (3.21), we can determine the temperature and mass parameter as functions of r + . Doing so explicitly requires solving a quartic equation, and the final result is not particularly illuminating. Therefore, we shall work with these equations implicitly. The entropy can be calculated using the Iyer-Wald prescription [71, 72] where the entropy is given by,
andε ab is the binormal to the horizon, normalized to satisfyε abε ab = −2. The integral is evaluated on the horizon of the black hole, which has induced metric γ ab and γ = det γ ab . In the following we will present the entropy densities,
where Vol R d−2 is the (infinite) volume of the submanifold with line element
i=1 dx 2 i . Carrying out this computation for the action (3.1), we find that the entropy density is given by (see [52, 63] for more details),
Using this expression for the entropy, and defining the pressure in the standard way,
it can be verified that the extended first law holds,
where the various quantities appearing in this expression are given by,
and we note that the above quantities (except Φ) are densities, that is, defined up to factors of the (infinite) volume of the transverse space. The above quantities satisfy the Smarr relation that follows from Eulerian scaling,
We also note that we recover the expected relationship for a (d − 1)-dimensional CFT with chemical potential,
To construct the equation of state, one can simply rearrange the second equation in eq. (3.21) for pressure, obtaining,
(4.10)
Here, for the sake of simplicity, we have defined,
as the specific volume, rescaled couplings, and rescaled charge, respectively. The equation of state here is non-linear (as opposed to linear) in the temperature. This non-linear dependence on the temperature was first observed for Einsteinian cubic gravity in [48] , and seems to be a general feature for black objects in the generalized quasi-topological class of theories. 4 We note that, in four dimensions, the cubic generalized quasi-topological term does not contribute to the equation of state and similarly for the quartic term in d = 5.
We will consider in a later section the effect of including even higher order generalized quasi-topological terms in four dimensions. In closing, we note that the Gibbs free energy density is given in the standard way by, G = M − T s which has the explicit form,
The state of the system is taken to be that which minimizes the Gibbs free energy at constant temperature and pressure. In defining G we have absorbed some inconvenient (but positive) factors to make the expression easier to work with.
Physicality conditions
Before discussing the critical behaviour of the black branes, we discuss a number of conditions which the coupling constant must meet in order for the results to be physically reasonable.
The first condition we impose is that the effective Newton's constant has the correct sign, which is equivalent to demanding that the graviton is not a ghost. This condition can be read off from the pre-factor appearing in the linearized equations of motion about the AdS background, and we refer the reader to [52] for the details this calculation. The result is that the coupling must satisfy the following inequality,
In this inequality, the value of f ∞ is obtained by solving eq. (3.6), and it must be positive for AdS asymptotics. It is noteworthy that, in the cases where either λ = 0 or µ = 0, this is the same constraint that eliminates the oscillating asymptotic solutions. Recasting the ghost constraint in terms of the rescaled thermodynamic variables presented in eq. (4.11) we obtain, 1 + 3 8
In general, this inequality is satisfied only by the Einstein branch of the theory. That is, the branch which has a smooth λ → 0 limit. Additionally, to maintain consistency with AdS asymptotics and avoid oscillating parts of the asymptotic solution, we enforce eq. (3.17) which reads,
The third condition we impose is that the entropy is positive. It is a general feature of higher curvature theories that the black hole entropy can be negative for certain values of the coupling constants. While there are often no other pathologies associated with the negative entropy solutions, a number of authors have speculated that these solutions may be unstable [74, 75] . Here, we will impose that the entropy should be positive, but remark what happens if this condition were relaxed. In terms of the rescaled thermodynamic parameters, the entropy will be positive provided that,
Since the temperature and specific volume will always be positive for sensible solutions, this inequality is satisfied trivially if the coupling is negative. When the coupling is positive, enforcing this is more cumbersome, since the temperature must be solved for in terms of the pressure and specific volume through the equation of state.
Critical behaviour
We now turn to a discussion of the critical behaviour. The equation of state,
from which it is clear that the term arising from the electric charge dominates for small v (i.e. small r + ), in all dimensions larger than four, but is comparable to the quartic term in four dimensions. The equation of state will have a critical point provided that
We find that, including terms up to quartic order, there are no points in the parameter space which satisfy this condition in four dimensions (we shall return to the four dimensional case in a later section).
Next we consider the five dimensional case. Here, calculations are simplified due to the fact that in five dimensions the quartic term drops out of the equation of state. Therefore, we will consider this case in detail as an illustrative example.
In five dimensions, there is a critical point given by the following critical values, , P c = 5
The ratio of these values is independent of the properties of the black brane and is therefore a universal property of the theory,
It is interesting to note that this ratio is distinct from the value obtained for spherical, charged black holes in five dimensional Einstein gravity [76] , while the ratio for four dimensional spherical black holes in Einsteinian cubic gravity was found to coincide with the corresponding value in Einstein gravity [48] . These differences suggest a connection between the ratio of critical quantities and the topology of the horizon cross-sections. In five dimensions, the regions where each physicality constraint holds can be solved for analytically at the critical point. The resulting expressions are rather complicated and not particularly illuminating in some cases, thus we will display approximate numeric values in those cases. The graviton will be a ghost at the critical point, if
The solution becomes inconsistent with the asymptotic AdS boundary conditions and oscillates if,
The solution satisfies all physicality constraints provided that the coupling is in the range, 23) and elsewhere the entropy is negative, but the solution is otherwise well-defined. It is important to note that the entropy will always be negative at the critical point if the quartic coupling is set to zero. The conclusion of this is that there is a large portion of the parameter space for five dimensional black branes where all physicality constraints hold and phase transitions occur. This space becomes even larger in the case where negative entropy solutions are not discarded. The various physicality conditions are illustrated graphically in figure 2 .
The critical points are characterized by mean field theory critical exponents, 24) as can be easily confirmed [76] by studying the equation of state near the critical point 5 ,
5 Dropping terms such as τ 2 from the near critical expansion while keeping terms like φ 3 is justified since these terms drop out in the calculations of the critical exponents. See [76] for similar discussion. The critical point marks the starting point of a first order phase transition, with distinct phases (large and small) appearing at higher temperatures. This is in contrast to typical van der Waals behaviour where the critical point marks the end point of a first order phase transition, with distinct phases appearing at lower temperatures, as shown in figure 3 . At high tempertures, the coexistence curve flattens, lying along a constant pressure. This indicates that, while at low temperatures, an increase in temperature can lead to a phase transition at constant pressure, at higher temperatures the black brane is either small or large at constant pressure, and a phase transition can only be brought about by changing the pressure.
Near the critical point, the structure of the free energy is particularly rich and displays some novel features, as illustrated in figure 4 . When the pressure exceeds the critical pressure, the free energy has a single branch and their are no phase transitions. At the critical pressure, the free energy exhibits a kink corresponding to the critical point. These are standard features associated with all examples of typical van der Waals behaviour. However, when the pressure dips below its critical value, interesting features emerge. For pressures close to but below the critical pressure, the Gibbs free energy displays the stan- dard swallowtail typical for van der Waals behaviour. The black branes which correspond to the parameter values on the swallowtail portion of the Gibbs free energy have negative specific heat, as can be inferred from the curvature of the Gibbs free energy and recalling that,
The negative specific heat is indicated graphically in figure 4 by red, dotted lines. As the pressure decreases further, the swallowtail rapidly grows, until eventually it no longer closes at finite temperature. At the same time, a stable portion (C P > 0) emerges on the swallowtail, which grows in size until, at low enough pressure, effectively the entire upper branch of the swallowtail corresponds to positive specific heat. Graphically, this can be seen by the red, dotted portions of the curve shrinking smaller and smaller from the top right to bottom right plots of figure 4. Physically, this means that there are, for large portions of the parameter space, three thermodynamically stable black branes, though only one of these minimizes the free energy. It would be interesting to see if this results extends to spherical or topological black holes in the theory.
To close this section, we will make some remarks about criticality in higher dimensions. In dimensions larger than five, it is both the cubic and quartic terms that will contribute to the equation of state, and a critical point governed by mean field theory exponents is a generic feature. To study the critical point then requires one to solve a quartic equation, which is of course possible, but the result is not illuminating. Setting either β 3 or β 4 = 0 results in a system with a far simpler solution. In these cases, there exists a single critical Bottom right: Plot of the Gibbs free energy for P ≈ 0.92P c . In each plot, the dotted, red lines indicate portions of the curves where the specific heat is negative. This plot has been constructed for β 3 = 4 and β 4 = −9, with all physicality conditions enforced. The dimensionful quantities have been rescaled in dimensions of the electric charge parameter e, which has then been set to unity in these plots.
point that can be studied analytically yielding critical ratios,
but then one is left with the problem that the entropy is always negative at the critical point:
More physically interesting scenarios arise if both the cubic and quartic contributions are non-trivial. To illustrate the behaviour in this case, we will proceed by presenting a few illustrative numerical studies in particular dimensions. The first consideration to be made involves the study of the physicality constraints in higher dimensions. Investigating the parameter space numerically in various dimensions reveals a structure similar to that shown in figure 2. We show the results explicitly for six and seven dimensions in figure 5 . The notable feature is that, as the spacetime dimension increases, the portion of parameter space in which the critical point is physical gradually shrinks, but remains of non-zero size.
The phase diagrams resulting from the critical behaviour in higher dimensions are qualitatively similar to the five dimensional case, and we show the results for six and seven dimensions in figure 5 for the sake of completeness. In each case, the Gibbs free energy exhibits behaviour qualitatively similar to that seen in five dimensions and illustrated in figure 4. 
Phase transitions in four dimensions?
In the previous section, we have seen that both the cubic and quartic generalized quasitopological terms induce phase transitions for black branes in all dimensions larger than four. However, in four dimensions neither of these terms -nor combinations of themlead to phase transitions. It is natural to wonder, then, if the four dimensional branes are immune to criticality or if the inclusion of even higher order terms can induce criticality. Luckily, the structure of the field equations of the GQT terms have been worked out recently in four dimensions to arbitrary order in the curvature, and explicit examples of the Lagrangians were provided up to 10 th order in the curvature [65] . Here we shall import the results of that study and investigate the consequences for four dimensional black branes.
In four dimensions, the action for the theory containing representatives from each order in the curvature is given by,
where the terms S (n),4 have been determined up to tenth order in the curvature (n = 10) in [65] -cf. appendix A of that work. The field equations which follow from this action can be worked out at any order in the curvature by inferring the dependence from the first few of these terms. The result for the field equations in the case k = 0 is [65] ,
where we have included a Maxwell field with the same conventions used as in section 3. Note that for the cubic and quartic terms, the convention for the higher curvature couplings here are related to those used earlier by,
Considering black brane solutions, far from the horizon the metric takes the form,
where f ∞ solves the polynomial equation,
The leading order corrections can be obtained in the same way as in section 3, and we find at large r, that h(r) satisfies an inhomogenous second order differential equation. The homogenous part of this reads,
where P (f ∞ ) is given by,
and P (f ∞ ) > 0 ensures that the asymptotic AdS region is free from ghosts, i.e. ghosts are not present in the dual CFT. Additionally, we see that the solution will not oscillate provided that,
Solving the homogeneous equation as before, and also determining the particular solution, we have
ω 2 2 r 4 + 13 2
where, as before, we have set the coefficient of the growing exponential mode to zero for consistency with the AdS boundary conditions. As expected, the exponential term is extremely subleading, and can be neglected in the asymptotic expansion. The black branes are then characterized completely by the single integration constant, ω -there is no higher derivative hair. Using the same ansatz as in section 3, the field equations can be solved near the horizon. The first two relationships, which suffice to completely and exactly characterize the thermodynamics, are found to be,
The higher order terms are easily obtained, but are not illuminating. As usual, all higher order terms can be expressed in terms of the single free parameter, a 2 in the near horizon expansion. The choice of this parameter is equivalent to the choice of the boundary conditions at infinity. The four dimensional black branes satisfy the first law of thermodynamics,
with the following thermodynamic quantities,
Note that the above quantities, with the exception of the electric potential, are defined as densities, removing the (infinite) transverse volume, Vol R 2 . The thermodynamic quantities obey the Smarr formula which is derived from Eulerian scaling,
and also obey
as expected for a three dimensional CFT with chemical potential. The free energy is easily computed as
The equation of state can be found by rearranging the second of the two near horizon equations presented above yielding,
where we have defined, 17) as the specific volume and rescaled charge parameter. We want to determine if it is possible for this equation of state to admit critical points. To do so requires simultaneously solving,
for temperature and volume. It is straightforward to see that a critical point will not result from the inclusion of a single one of the higher order terms. Assuming the n th order term is the only non-zero term, the two equations above can be written as, 19) letting x = T /v, the first of these equations can be re-arranged for v:
In order for v to be positive, we must then have
Substituting the solution for v into the second equation, we arrive at the following polynomial determining x,
Now, in the case where n = 3 or n = 4, the only sensible solution is x = 0, which means there is no physical critical point. For higher order terms (n ≥ 5), we can substitue the solution of this equation into the previous inequality and find that it would hold provided,
however, this can never be the case for n > 4, and therefore there are no critical points when only a single of the higher curvature terms is present. When more than one of the higher curvature couplings are non-zero, it is much harder to make general statements about the solutions as doing so requires drawing conclusions on the roots of polynomials of arbitrary order. Nonetheless, it is easy to show that critical points generically occur, and we will focus here on a particular example rather than the general case. It turns out that this example is sufficient to reveal the novel criticality that occurs due to higher order terms in four dimensions.
Consider the case where
In this instance, there is a single critical point, characterized by mean field theory critical exponents, and given by the critical values, Note that the critical ratio,
is distinct from what is found for spherical, charged black holes in four dimensions, where this ratio has been found to be 3/8 [21, 48] , suggesting, again, a possible connection between the horizon topology and the value of this universal ratio. The critical points are physical, i.e. respect all physicality conditions, provided the couplings satisfy, The phase diagram for these critical points is typical of what was observed earlier in this work, and is shown in figure 6 . The structure of the Gibbs free energy is qualitatively similar to that shown in figure 4 . These results are characteristic of what occurs when arbitrary higher order terms are included, and therefore we do not explicate on the higher order solutions in any more detail here. Figure 6 . Phase diagram in four dimensions (color online). The solid black line is the coexistence curve of a first order phase transition, and the red dot corresponds to the critical point. This plot was constructed for the particular choices, γ 3 = 0, γ 4 ≈ −9.43, γ 5 ≈ 2.18 and γ n = 0 for n > 5. The diagram is qualitatively similar for all valid choices of the parameters. Here, the dimensionful quantities were expressed in terms of the electric charge, which was then set to unity.
Conclusions
We have performed a detailed study of electrically charged black branes solutions of generalized quasi-topological gravity. Due to the lack of an analytic solution, we have constructed series solutions asymptotically, near the horizon, and near the origin. The series approximations can be joined together numerically in the intermediate regimes. An interesting feature we have observed is that, while the black branes possess a curvature singularity at the origin, the metric function approaches a finite, constant value as r → 0, indicating that the curvature singularity is much softer.
In a consideration of the thermodynamic properties of the black branes, we have found that despite higher derivative equations of motion, the solutions are characterized only by their mass and do not possess any higher derivative hair. Furthermore, despite the lack of an analytic solution, the thermodynamic quantities can be obtained exactly, meaning no approximations are necessary in studying their properties. We have also restricted attention to choices of couplings where the solutions are physically reasonable, i.e. there are no ghosts and the entropy is positive.
We have found that these higher curvature terms generically induce critical behaviour in all dimensions d ≥ 4, which is a result not previously observed for charged black branes. The phase transitions occur for significant portions of the parameter space described by the higher curvature couplings. The first order phase transition begins at a critical point characterized by mean field theory critical exponents, and continues to arbitrarily high temperatures. The structure of the free energy was found to be given by a swallowtail structure, however, instead of the swallowtail portion of the curve corresponding to a region of negative specific heat, the higher curvature terms result in positive specific heat. Thus, there are three branches of black branes with positive specific heat, but only one is energetically favored. This, combined with recent studies of asymptotically flat black holes [65] , suggest that it is in fact quite a general effect of the generalized quasi-topological class of theories that an increase in thermodynamic stability of black objects occurs.
There remain a number of interesting questions to address in regards to these theories. First, in light of the results presented here, it would be worthwhile to further study the holographic aspects of the theory. Further elaborating on the consequences of these phase transitions for the dual CFT, and also the holographic hydrodynamics would be particularly worthwhile. The modifications to the entropy density should lead to new behaviour and perhaps interesting modifications to the ratio of shear viscosity to entropy density. Additionally, holographic studies would allow for additional stability constraints to be placed on the higher curvature couplings. Also, recent methods employed to study the stability of black objects in Lovelock theory could be adapted to the study this theory [77] . On the classical gravity front, it would be useful to know if Birkhoff's theorem holds for the generalized quasi-topological terms, similar to Lovelock and quasi-topological gravities [78] [79] [80] . Furthermore, since this class of theories provide the only examples of ghost-free higher curvature theories that are non-trivial in four dimensions, it would be useful to work out any implications they have for four dimensional gravitational physics. We will address some of these questions in future work.
A Explicit forms of Lagrangian densities
Here we will list the various Lagrangian densities which appear in the action and their corresponding contribution to the field equations. The k th order Lovelock terms are given by, which was defined in [52] . At the quartic level, there are four generalized quasi-topological terms in dimensions larger than four and six in four dimensions. However, in each case, the field equations are identical and we can, without loss of generality, chose any representative of this class. Here we have chosen the following expression, 
d in [63] .
